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Abstract 

A multivariable hyper geometric-type formula for raising operators of the Mac¬ 
donald polynomials is conjectured. It is proved that this agrees with Jing and 
Jozefiak’s expression for the two-row Macdonald polynomials, and also with Las- 
salle and Schlosser’s formula for partitions with length three. 


1 Introduction 

In this article, we present an observation that the raising operators for the Macdonald 
polynomials Qx{x] q, t) [1] can be written in a form of multivariable basic hypergeometric- 
type series. 

In the work by Lassalle and Schlosser [5] (see also [4] [6]), the fully explicit formula for 
the raising operator for the Macdonald polynomials was obtained (Theorem 5.1 of [5]). 
It was derived by inverting the Fieri formula for the Macdonald polynomial. Jing and 
Jozehak’s expression for the two-row Macdonald polynomials [2] is recovered from their 
general formula. The case when the indexing partition is length three, was studied in the 
preceding work by Lassalle [3]. 

In the papers [7, 8], it was observed that a certain class of n-fold integral trans¬ 
formations {I{a)\a G C} forms a commutative family, namely [/(a),/(/3)] = 0. The 
commutativity was proved only for the simplest case n = 2 by using the explicit formulas 
for the eigenfunctions of I (a), and several summation and transformation formulas for 
the basic hypergeometric series [7]. To prove the commutativity for n > 3 remains as 
an open problem, since properties of the eigenfunctions have not been studied well. It 
was observed that a modihed Macdonald difference operator - , Sn, q, t) (see (5) 

below) and the integral transformation I (a) are also commutative with each other. The 
commutativity was proved for the simplest case n = 2. In Appendix of [8], it was shown 
that the eigenfunction of ■ ■ ■ ,Sn,q, t) can be interpreted as a raising operator for 

the Macdonald polynomials. 
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An explicit formula for the eigenfunctions of /(a) or (si, • • •, q, t) was conjectured 
for n = 3 in [7]. (See (45) below.) The structure of the series (45) looks very much 
different from the one obtained by Lassalle and Schlosser. Therefore, an explanation, 
which connects these, is in order. At present, this relation is still unclear. One may, 
however, observe that Lassalle and Schlosser’s formula can be recast in a form, which is 
somewhat closer to the series (45). The aim of this paper is to present our observation 
about this. 

The plan of the paper is as follows. In Section 2, a conjecture for the explicit formula 
of the eigenfunction of i7^(si, • • •, g, t) is given. The conjecture is recast in the form 
of the raising operator for the Macdonald polynomials in Section 3. Section 4 is devoted 
to recalling Lassalle and Schlosser’s theorem for the Macdonald polynomials. Then our 
conjecture is compared with Lassalle and Schlosser’s result. In Section 5, the case n = 2 
is treated and our conjecture is proved. In Section 6 , it is proved that our conjecture for 
the raising operator agrees with Lassalle and Schlosser’s formula for n = 3. Some special 
cases t = and g = 0 are discussed in Section 7. 


2 Basic Hypergeometric-like Series 

Let n be a positive integer, and si, S 2 , - ■ ■ ,Sn be indeterminates. Introduce c„({ 6 *jj; 1 < 
i < j < n}] si, ■ ■ ■, Sn,q, t) recursively by ci(—; si, q,t) = 1 and 


Cn{{0i,j-, 1 < i < j <n};si, - ■ ■, Sn, q, t) 

= c„_i({ 6 'jj; 1 < i < j < n - • • •,g^"-i’"Sn_i,g,t) ( 1 ) 

fc=i (?; 9 ) 0 .,„ {.qSk/Sn, q)e,^„ 

^ -pr {qt~^se/sm-, q)ee,„ iq~^^’"tse/sm-, g)e,,„ 


where we have used the g-shifted factorial (a; g)„ = (1 — a)(l — aq) ■ ■ ■ (1 — aq'^ ^). For 
example, we have 


tn ; 9)01,2(9^ 5 iA 2 ;g) 0 i,2 

C 2 (^ 1 , 2 ; Si, S 2 , q,t) = t ^- - - 

(o') Q.)0i^2 Qj0i^2 

C3(^l,2, ^1,3; ^ 2 , 3 ; -Si, <§ 2 , <§ 3 , g, t) 


^ ^01.2 q)ei,2 (g^^’"~^"’"gt~^gi/g2; g)ei,2 

(9; 9)01,2 (g^l’ 3 - 02 , 3 gs^/S2; g) 0 ^ 2 

(9^~^giA3; 9)01,3 9)^2,3 {qt~^S2/s^-q)e2,i 

(9; 9)01,3 (9S1/S3; 9)01,3 (9; 9)02,3 (9S2/S3; 9)02,3 

(9^~^giA2; 9)01,3 (9~^"’"^gi/g2; 9)01,3 
(9S1/S2; 9)01,3 (9“®"’"si/s2;g)ei,3 ’ 


( 2 ) 

( 3 ) 
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and so on. The product expression for si, • • •, s„) reads as follows 

Cn{{0i,j] 1 < i < J < n}; si, • • •, g, t) 

TT fdi.^ 

l<i<j<n i.TA)eij (gEa=, + l(®i.“-^J>)gS./5^.;g)g_ 


( 4 ) 


In the paper [8], a modihed Macdonald difference operator acting on the space of formal 
power series F^X 2 /xi, X 2 ,/x 2 , • • •, a;„/a;„_i]] was investigated, where F = Q(g, f, si, S 2 , • • •, s„). 
It is dehned by 


n 

i=l j<i 


1 — g Hxi/xj 

1 - q-^Xi/xj 


n 

/C>2 


1 - gt ^Xk/xi 
1-qXk/x, 


(5) 


where Tq^xi denotes the g-shift operator Tq^xi ■ g(a^i, • • •, Xn) = g(a^i, • • •, ga^*, • • •, Xn) and 
the rational factors in (5) should be understood as the series 

1 - q^H'^^x 


= 1 + Y.il-P')9 


itn^n 


1 - g^^a; 

Let us consider a basic hypergeometric-like series 

f{Xi,X2r--,Xn]Si,---,Sn,q,t)= - Xi/Xk) 

l<k<l<n 

X H c„({6'ij;l < i < j < n};si,---,s„,g,t) Y[ {xj/xif^-^, 


( 6 ) 

(7) 


(e)GM(") 


l<i<j'<n 


where (9) = {9ij) E M*^”h Here we have used the notation introduced in [5], namely M*^"^ 
denotes the set of upper triangular n x n matrices with nonnegative integers, and 0 on 
the diagonal. 


Then we have the following observation. 

Conjecture 2.1 The series f{xi,X 2 , • • •, a;„; Si, • • •, s„, g, t) in Eq.(7) is an eigenfunction 
of the difference operator 

n 

T>^(si, S 2 , • • • , Sn, t, q)f{xi, X2,---,Xn) /(^ 1 > ^ 2 , ' ' ' , a^n)- (8) 

i=l 

The case n = 2 is easy, and will be treated in Section 5. When n > 3, however, to 
prove Conjecture 2.1 seems a very complicated task, and it is an open problem. We have 
checked it by a computer-aid calculation up to n = 5 for small degrees in xfs. 

In Section 6, a supporting argument for the case n = 3 will be given. We will prove 
that a consequence of Conjecture 2.1 (see Eq. (14) below) agrees with the theorem by 
Lassalle and Schlosser for the case n = 3. 
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3 Main Consequence 


We briefly recall the notion of the Macdonald polynomials [1]. Let Xi, 0 : 2 , • • •, be a set 
of indeterminates, and A„ = Z[a;i, • • •, denotes the ring of symmetric polynomials. 
The ring of symmetric functions A is dehned as the inverse limit of the A„ in the cate¬ 
gory of graded rings. Let F = Q{q,t) be the held of rational functions in independent 
indeterminates q and t, and set Ai;’ = A F. 

Let pn = J2i be the power sum symmetric functions, and denote p\ = PA 1 PA 2 ■ ■ ■ for 
any partition A = (Ai, A 2 , • ■ ■)• The scalar product is introduced by 

(pa, p^J)q,t = n n ! _L ^ (9) 

i>l j>l ^ ^ ^ 

where rrii = mi{\) is the multiplicity of the part i in the partition A. 

The Macdonald symmetric functions Px{x-,q,t) G Ap are uniquely characterized by 
the following two conditions [1]: 

(a) P^ = mx+J2 (10) 

ti<\ 

where nix is the monomial symmetric function associated with A, ma^ G F, and the symbol 
“<” means the dominance ordering on the partitions. 


(b) = 0 if Xjtf,. 


( 11 ) 


The dual of Px with respect to the scalar product (9) is denoted by Qx{x;q,t) = 
bx{q,t)Px{x; q,t), where bx{q,t) = {Px,Px)q];- As for the explicit expression for bx{q,t), 
see (6.19) of [1]. 

The symmetric function gn{x]q,t) G A^ is dehned by 


-pr (txiy, q)oo 

4i 


Y,9n{x-,q,t)y^, 

n>0 


( 12 ) 


where (a; g)oo = niTo(l — aq^)- It is well known that we have Q(^n){x-, q,t) = gn{x]q,t) 
(equation (5.5) in [1]). We use the convention that gn{x-,q,t) = 0 for n < 0. We write 
9a = 9ai9a2''' 9a„ for any a = (oi, 02 , • • •, a„) G TP. 

Nextly, we recall the dehnition of the raising operators. Let a = (oj, • • •, a„) G 
For each pair of integers j satisfying 1 < i < j < n, dehne the action of Rij by 

Rijifl) (®1) ■ ■ ■ ) Oj T 1, ■ ■ ■ , Oj 1) ■ ' ' ) ®n)- (12) 

Any product of the form Y\i<j Rij^ is called a raising operator. For any raising operator 
R, Rgx means gpx- 


It was argued in the paper [8] that the solution to the equation (8) is interpreted as 
the raising operator for the Macdonald polynomials. See Proposition A.6 in Appendix in 
[8]. Therefore, the following is a consequence of Conjecture 2.1. 
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Proposition 3.1 Let A = (Ai, • • •, A„) be a partition. Set Si = Assume that Con¬ 

jecture 2.1 is true. Then the Macdonald polynomila Q\ = Qx{x]q,t) can be represented 
by the raising operator as 

<5(Ai,-,a„) = n (1 --Rh) (14) 

l<fc<£<n 

X H 1 < i < J < n}; Si, • • •, s„, q, t) H 9\- 

(6»)gM(") 


4 Lassale and Schlosser’s Theorem 


In this section, we recall Lassale and Schlosser’s theorem for the raising operators of the 
Macdonald polynomials [5] (which was annonnced in [4]). 

Let Ui, - ■ ■ ,Un be indeterminates, and 9i, - ■ ■ ,9n be nonnegative integres. Write Vk = 
q^'^Uk for simplicity. Lassale and Schlosser obtained the following function by inverting 
the Fieri formula 


= l[t^ 


iq/t;q)ek {quk]q)eu 


k=l 


{qtUk]q)e, 


X 


■ , ' det 
A(n) 




1-F 


n 

k l<i<j<n 

_il-tv. ^ 


n 


{qUi/tUj]q)0^ {tUi/vj;q)e^ 
{qui/uj]q)0. {Ui/vj-,q)0^ 

Uk-Vi' 


1-Vi tUk - Vi 


(15) 


where A(n) = Y{i<i<j<n{'Ci — Vj). For any 9 = {9ij) G we write 


n k—1 

Cki9) = l<k<n, 

j=k+l j=l 

n 

iik{9) = {9ij - 9k+ij), I <i <k <n-l. 

j=k+2 


(16) 

(17) 


The following important result was obtained (Theorem 5.1 in [5]). 

Theorem 4.1 (Lassale Schlosser) Let A = (Ai, • • •, A„) be an arbitrary partition with 
length n. We have 




(18) 


n—1 


= i: n 1 < i < i}) n 9 a.+4,<„. 


egM(") k=l 


k=l 


Comparing Lassalle and Schlosser’s formula with our conjecture (14), we observe the 
following. 
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Conjecture 4.2 Setting Si = C we have 

n—l 


n ^el[k+u-,ek 


({Ui = q^i-^k+iHik{0)^k-i. i<i<k}) J] 

l< 2 <ji'<n 


0GM(") k=l 

= n ~ ^ke) 

l<k<e<n 

X J2 Cn{{0ij-,1 <i < j <n}-,Si,---,Sn,q,t) n 


( 19 ) 


where Rij denotes the raising operator. 

One can prove Conjecture 4.2 for n = 2 and n = 3. These two cases will be treated 
in the following two sections. The case n > 4, however, is complicated and remains as an 
open problem. 

It should be stressed that the identity in Conjecture 4.2 is a quite nontrivial one. In 
Section 6, an elementary proof for n = 3 will be given. It seems that some combinatorial 
properties for general n hopefully can be extracted from that. 

In view of (1), (15), (18), and s* = the difference between the two functions 


n—l 


n 1 < * < k}). 


k=l 


CniiOij] 1 < i < j < n}; Si, • • •, s„, g, t). 


only comes from the determinant factor in (15), namely 


■ , ' det 
A(n) 




1-R 


_1 1 tVi y-|- li/j Vi ^ 

I -Vi tUk - Vi) 
n+1 


( 20 ) 


= (-ijiAyi/ijC'D p y '’Vt 


TT TT 

Ax Vj-Vk tiLK'^i-'^k/t 
HK 


The RHS in the above equation is the formula (4.2) of the paper [5]. In Section 6, we will 
use this expression for n = 1 and 2. 


5 Case n = 2 


Let us consider the simplest case n = 2. Setting/(xi, 0 : 2 ; si, S 2 , g, t) = (1—a) 2 /a;i)g(a; 2 /a;i), 
g{x) = and cq = 1, the difference equation (7) for n = 2 can be written as 

Si(l - qr^x)g{qx) + S 2 (l - q~^tx)g{q~^x) = (si + S 2 )(l - x)g{x). (21) 


Comparing the coefficients of x^ from both sides, the recurrence relation for the coefficients 
is obtained as 


ce = t 


(l-g^t-^)(l 

(l-g^)(l 


qH ^Si/S 2 ) 

q^si/s2) 


C6»-l, 


0 = 1,2,3, 


( 22 ) 
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Hence we have 


ce = t 


eiQt ,Q)eiqt ^Si/s2;q)e 


(23) 


which is given in Eq. (2). Hence Conjecture 2.1 is true for n = 2 . 

Let us connect our series f{xi,X2', si, S2, q, t) with the formula of Jing and Jozehak [2], 
and Lassale and Schlosser’s one for n = 2 . Note that the series can be rewritten as 

OO OO 

f{xi,X2;si,S2,q,t) = (1 - X2/xi)'^C0{x2/xif = ^(ce - ce-i){x 2 /xiY, 

0=0 0=0 

if we set c_i = 0. Then we observe that 


= t 


Ce — cq-i 

{qt-^]q)e {qt~^Si/S2]q)e 


. .-1 {l-q%l-q^s,/s2) \ 

(1 - qH-^){l - qH-^Si/s2)) 


= t' 


{q-,q)0 {qsi/s2-,q)e 

0 q)0 {.qt~^Si/s2, q)0 (1 - - q^H-^Si/s2) 

{q]q)0 {.qsi/s2]q)0 {l-qH-^){l-qH-^Si/s2) 

0 q)e S2; q)0 1 - (^H-^SxIs2 


{q\q)0 {qsi/s2,q)0 i-t-'^si/s2 

Setting Si/S 2 = we recover Jing and Jozefiak’s formula [2] from the last line. 

In view of (15) for n = 1, one hnds that the second line corresponds to Lassalle and 
Schlosser’s expression. Namely, Conjecture 4.2 is true for n = 2. 


6 Case n = 3 

Next, let us examine the case n = 3 . Unfortunately, we do not have a method to solve 
the difference equation (7) at this moment. One may, however, prove that Conjecture 4.2 
is true for n = 3 . Therefore it is expected that Conjecture 2.1 holds for n = 3 . 

First, let us note the following identity 


(1 - a;2/a;i)(l - a;3/a;i)(l - X:i/x2) 

Xi Xi X 2 Xi Xi Xi X 2 Xi X 2 Xi Xi X2 

Xi X 2 \X1X2 XiJ \XiJ X 2 X1X2 X1X1X2' 
with an arbitrary coefficient a. From this we have 
Lemma 6.1 The series f{xi,X 2 ,X 3 ]Si,S 2 ,S 3 ,q,t) ean be reeast as 

f{xi,X2,X3;si,S2,S3,q,t) = (1 -a;2/a;i)(l -a;3/a;i)(l - X 3 /X 2 ) 

X 0(61^2,0i^3,62,3){x2/xif^’^{x3/xif^’^{x3/x2f^'^ 

0GM(3) 

= ^i^l,2,0i,3,92,3){x2/XiY^’^{x3/XiY^’^{x3/x2Y^’^, 

0GM(3) 


(24) 


( 25 ) 
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where we have denoted 03 ( 6 * 1 ^ 2 , ^ 1 , 3 , ^ 2 , 3 ; -Si, S 2 , S 3 , q, t) = c( 6 *i^ 2 , ^ 1 , 3 , ^ 2 , 3 ) for simplieity, and 


c{0i,2-, ^ 1 , 3 ; ^2,3) 

= c(9i^2, 6 ^ 1 , 3 , 6^2,3) — c(6*i^2 — 1, 6 * 1 , 3 , 6*2,3) — c(6*i_2, 6*1,3, 6 * 2,3 — 1) 

+Q;(6*i,2 — 1, 6*1,3, 6 * 2,3 ~ 1 )c( 6 *i ,2 — 1, 6 * 1 , 3 , 6 * 2,3 ~ 1) (26) 

—tt(6*l,2, 6 * 1,3 — 1, 6*2,3)c(6*i,2, 6*1,3 — 1, 6*2,3) 

+c( 6 *i ,2 — 2, 6 * 1 , 3 , 6 * 2,3 ~ 1) + c(6*i,2, 6 * 1,3 — 1, 6 * 2,3 — 1) 

—c( 6 *i ,2 — 1, 6 * 1,3 ~ 1, 6 * 2,3 ~ 1), 

with arbitrary coeffieients q;(6*i,2, 6*1,3, 6*2,3) ’s- 


Proof. In view of (24), we have 


RHS of (25) 

+ «(0i,2, 01,3, 02,3) ^ + 

Xi X2 \X1X2 XiJ \XiJ X2 

XC(01,2, 01,3, 02,^){x2/XiY^'^{x^/Xiy^'^{x^/x2Y^’^ 

= LHS of (25), 



Xi X 2 


Xi Xi X 2 


where we have assumed that c( 0 i, 2 , 0 i, 3 , 02 , 3 ) = 0 if some of 0i,j’s are negative. 
Our claim in this section is the following. 


Proposition 6.2 If we set 


tt(01,2, 01,3, 02,3) 


1 - 1 - q ^^’^-^^’ Hsi / s 2 1 - 3+4-15^/52 

1 - 1 - g®i+-^2,3si/s2 1 - g®i++^i’3-®2,3+isi/s2 ’ 


the c( 0 i, 2 , 01 , 3 , 02 , 3 ) is written as 

c(01,2, 01,3, 02,3) = (g®'’'“'^'’'t"^Si/s2)0^j;3\ 3(t"^Si/s3,t“^S2/s3). (28) 

Here the RHS is Lassalle and Schlosser’s function in Theorem 4-1 for n = 3. 


Proof. Set 


Pihf, k) = 


c(01,2 ~ h 01,3 ~ J, 02,3 ~ k) 


c( 01 , 2 , 01 , 3 , 02 , 3 ) 

for simplicity. Using (3) we have 

1 - 1 _ ^ 01 , 2 + 01 , 3 - 02,35452 


4 (i, 0 , 0 ) = t 
4 ( 0 ,i, 0 ) = t 


1 - 1 - g*'i++^i.3-®2,R-isi/s2’ 

1 - 1 _ g®C35453 

1 — 1 — g®i+t“^si/s3 


(29) 


(30) 


( 31 ) 



X 


X 


1 - 1 - g'^1.2+®l>3-®2.3Sl/S2 


701,3 — 


^01 


-3-^2.3s^/ 52 1 - g0l,2+01,3-02,3t-ls^/s2 
’^Sils2 1 - 


1 - q^'^H-^Si/s2 1 - g®i'3-^2,3-its^/s2’ 

^(0.0.1),,- l-f’ 1-^3 

^ ^ 1 - g^2,3t-l 1 - g02,3t-ls2/s3 

1 - g^l’3-02,3 + l5^/52 1 - g'^l + +®l’3"®2,3 + l^-l5^/52 
1 - g'’i’3“®2,3+lt-l5^/52 1 - g'^i.2+®i’3-02.3+l5^/52 

1 - q-^^’^si/s2 1 - g^i'3-^2,3^5^/s2 


( 32 ) 


X 


X 


1 - q-^^Hsi/s2 1 - g®i’3-®+3s^/s2 ’ 

an n n f-2 l-g^^'3-02.3+1^^/^^ 

^ 1 _ g01,2t-l 1 _ g01,3-02,3 + lt-ls,/S2 

1 - g^2,3 1 _ q0^,3s2/s3 1 - q-^^’^Si/s2 1 - q^^’^-^^’Hsi/s2 

1 - (?'^2.3t-i 1 - q^^H-^S2/s3 1 - q-^^Hsi/s2 1 - g^i’3-02,3s^/s2 ’ 


(33) 


X 


/9(2,0,l) = t 


-3 




,01,2 — 1 


701,: 


X 


<1 


,01,3-02,3 + 15^/52 1 - g'^l’2+®l'3-®+35^/52 


1 - g'^i^-lt-l 1 - g0i,2t-l 


(34) 


g-1,3-02,3 + 1^-15^/52 1 - g01,2+01,3-02,3^-15^/52 


1 - g^i'3- 

1 - g®2,3 


1 — ^^ 2 , 352/53 1 —g '^^’®Si/s 2 1 — ^ 2 , 3 ^ 53/52 


^ 1 - g^2.3t-i 1 - g^2.3t-is2/s3 1 - q-^^Hsi/s2 1 - g^i’ 3 - 02 , 35^/52 ’ 

flrn 1 11 .-2 i-i"’" i-gO-'^s^/s, 

' ^ ' ’ ' 1 - 1 - ?»l,»i-lsi/s3 1 - 1 - />.*i-ls2/s3 ' 

l_g0i,35^/52 1 _ g- 02 , 35^/52 


X 


1 — g'^i’3t“^si/s2 1 — q~^'^Hsi/S2 

1 — fl01,2 1 _ ^01,2+01.3-02,3 5 /5 

Bil 1 n = r^—_ - _=_ - _ ^ 

^ 1 _ g01,2t-l 1 _ g 01 , 2 + 01 , 3 - 02 , 3 t-ls,/s 2 

1 - g^i’3 1 _ g0i,35^/53 1 - 1 - g®"’"S2/s3 

^ 1 — g'^i. 3 t“i 1 — g'^i+t“^si/s3 1 — g® 2 , 3 i-i 1 _ ^02,3^-152/53 

l_g0i,35^/52 1 _ g- 02 , 35^/52 

1 — q^^’^t~^si/s2 1 — q~^‘^Hsi/S 2 


(36) 


Write 


_ 1 - g^i’2 1 _ ^01,2+01.3-02,35^/52 

^ 1 - g'^i+t-i 1 - g^i,2+01.3-02,3^-15^/52’ 

_ _i 1 - g®+3“®+3r^si/s2 1 - g'^+® 1 - q^^’^si/s 2 1 - g^'’"si/s3 

^ 1 — g®i.3“^2,35j^/52 1 _ g0i,3i-l 1 _ ^01,3^-15^/52 1 — g0i,3t-l53/53 

^ _^_i l-g^+^~^+^tgi/g 2 l-g^+^ 1 - g-^ 2 , 35^/52 l-g^+^g2/g3 

1 — g®i.3“®2,35^/52 1 — g02,3t-l 1 — ^-02,3^5^/52 1 — <f^’^i~^S 2 /S 3 '’ 


(37) 
, (38) 
(39) 
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( 40 ) 


_ 2 l-q^^’^si/s2 

1 — 1 — g®i’3t“isi/s2 1 — 

1 - 1 - q-^^’^sils 2 1 - q^^'^S2/s3 

^ 1 — g®2,3i-i 1 _ q-e2,3ts^js^ 1 — q^'^'H~^S 2 /s^' 

for notational simplicity. Then we have 


/3(1, 0, 0) = ai2, /3(0, 1, 1) = 013^23, /5(1, 1, 1) = 012013,23, 

Q^(^1,2, ^ 1 , 1 , ~ 1, ^2,3)/5(0, 1, 0) = (1 ~ 012)013, (41) 

—/3(0, 0, 1 ) + a(0i,2 — 1 , ^1,3, ^2,3 ~ 1 )/ 5 ( 1 , 0, 1 ) + /5(2, 0, 1 ) = —(1 — 012)023- 

Thus 


1-/3(1,0,0)-/3(0,0,1) 

+tt(^l,2 ~ 1, 6^1,3, 02,3 — 1)/3(1, 0, 1) — Q;(0 i,2, 01,3 ~ 1, 02,3)/5(O, 1, 0) 
+/3(2,0,1) + /3(0,1,1)-/3(1,1,1) 

= (1 — Oi2)(l — Oi3 — 023 + 013,23), 


(42) 


holds. By using (20), one can check that RHS of (42) is exactly the determinant factor 
from Lassalle and Schlosser’s expression. Namely we have 


RHS of (42) = 
This implies Eq. (28). 


^fet)(^0i,3 02,3^ ^Si/s 2 )C^^^^Q^^^{t ^Si/S3,t ^52/53) 


C3(01,2, 01,3, 02,3! -Si, S 2 i S 3 , q, t) 


(43) 


□ 


7 Some Special Cases 

If g = f, the difference equation (7) can be immediately solved for geneal n. Namely, we 
have 


T>^(si,---,s„,g,g) Yi - Xj/xi) = {si-\ -h s^) Y[ (l-xj/xi). 

This means that c„({0j,j; 1 < i < j < n}] Si, ■ ■ ■, Sn,q,q) = 0 except if 9ij = 0 for all 
i,j. Hence Conjecture 2.1 is true for q = t. Since we have Qx{x;q,q) = s\{x) (Schur 
function), and gn{x;q,q) = hn (complete symmetric function), the Jacobi-Trudi formula 
for the Schur polynomials (see formula (3.4) in [1]) is recovered from our conjecture Eq. 
(14) 

= n (1 - Rij)h\ = det {hx^-i+j). (44) 

Next, let /c be a positive integer. For t = q^, the coefficients c„({0j,j; 1 < i < j < 
n}; Si, • • •, Sn, q, q^) vanish if 0j,j > k for some i,j, and the series (7) becomes truncated. 
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Therefore, the difference equation (8) reduces to an identity of Laurent polynomials in 
Xj’s. (Note the denominator in is cancelled by the factor Wj^ii^ — Xi/xj) in /.) Even in 
this case, the equation (8) is still complicated and we are not able to prove (8) at present. 
We have proved, by a computer-aid calculation, that Conjecture 2.1 is true for the cases: 
(1) n = 3 and t = q^, q^, (2) n = 4 and t = q^. 

Finally, we argue the case g = 0. The g = 0 limit of < i < j < 

n}]Si,---,Sn,q,t) can be examined in several manners. One may apply the automor¬ 
phism Uq^t (dehned by Uq^tiPr) = to (14), and use the method presented in 

Section 7 of [5]. Even if we consider the limit g = 0 in this way, it seems a difficult task to 
prove Conjecture 4.2. Instead of going in this direction, we give another argument from 
which the g = 0 limit can be studied. 

In [7, 8], another type of conjecture for the series satisfying (8) was obtained for n = 3. 
Let us recall the statement. 


Conjecture 7.1 The series 

f{xi,X2,X3;Si,S2,S3,q,t) 

^ (gf~^ q)k{t-, g)fc(t; q)k 

tYo Q)k{qsi/S2;q)k{qs2/s3; g)fc(gsi/s3; q)k 


{qsi/ssYixs/xiY 


(45) 


X 


TT n / \ ^ (q^^H \qt ^Si Sj \ 

11 \X-XjXi) ■ 24>\\ , \q,tXjXi\, 

o<,<3 V q^^^Si s J 


l<i<j<3 

satisfies the difference equation (8) for n = 3. 

Here we have used the standard notation for the basic hypergeometric series 

b — "ST ^Tq)n{b',q)n n 

It has not been proved that the above series (45) and the one given by (7) for n = 3 
are the same. One can check the agreement up to certain degree in Xj’s, and we observe 
the following 

Conjecture 7.2 The identity 

,01,2 iqt~^iq)ei,2 (g^^'"-^"’3gt-igi/52;g)ei. 


'^2.3gsi/s2;g)0i,2 

(g^~^g)ei,3 {qt~^^i/^3-, q)9i,3 ^g^^ {qt~^] q)92,3 {qt~^S2/s3]q)e^, 

{q',q)ei,3 {qsi/s3-,q)ei,3 {q',q)e2,3 {qs2/s3]q)e2,3 

{qt-^si/s2-, g)ei,3 {q~^^’Hsi/s2-, q)e^ 


(46) 


X 


= E 


{qsi/s2-,q)ei,3 (q ®"’3si/s2;g)ei, 

{qt~^-, q)k{qt~^-, q)k{t-, g)fc(t; q)k 


kT'o (?; q)kiqsi/s2; q)k{.qs 2 /S 3 ] g)fc(gsi/s3; q)k 

gfc+1^-1, 


{x2/xiY^’‘^{x3/xiY^'Y^3/x2Y‘"’'' 

{qSl/s3f{x3/Xif 


X n 201 

i<*<i<3 


q^+^Si/sj 


;q,tXj/xi 
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holds. 


Now an explanation about the author’s heuristic argument is in order. Note that the 
factor ni<i<j<3(l ~ Xj/xi) can be seen in the series (45). From this, one may expect 
that the same factor can be factored out from Lassale and Schlosser’s expression (18). 
Assuming this factorization, one can arrive at the series (7) after some exploration. 

Note that for the case q = t, the raising operator formula for the Schur polynomials 
(44) is correctly derived from (45). Since the RHS vanishes except for k = 0, and 


we have 


f{xi,X2,X3-,Si,S2,S3,q,q) = n i^-Xj/Xi), 

i<*<i<3 


from (45). 

Assume Conjecture 7.1, and consider the g = 0 limit from (45). Since we have set 
Si = t'^~'^q^^ for the partition A = (Ai, • • •, A„), lim^^oQ’-Si/sj = 0 holds for i < j. It can 
be seen that the RHS of (45) vanishes except for /c = 0, and 


qt ^,qt ^Si Sj 

hrn20i / ;q,tXjXi 

q^O \ qSi Sj 




n=0 


1 

1 — tXj / Xi 


Namely we have 


/(a;i,a;2,a;3;si,S2,S3,0,t) 


n 

i<*<i<3 


1 - Xj/Xj 
1 — tXj /Xi ’ 


(47) 


from (45). It is well known that Q\{x-^Q,t) = Qx{x;t) (Hall-Littlewood symmetric func¬ 
tion), and gn{x]0,t) = qn{x]t), where 


n 


1 - tXjy 

1 - XiH 


(ln{x-,t)y^- 

n>0 


(48) 


Thus the raising operator expression for the Hall-Littlewood functions with partitions 
with length three 

Qx(t)= n («) 

is recovered from (45) (see equation (2.15') in [1]). 
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